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Abstract

The paper concerns the linear chain method of solving Bateman equations for nuclear transmutation in derivation of the general solu-
tion for linear chain with repeated transitions and thus elimination of existing numerical problems. In addition, applications of derived
equations for transmutation trajectory analysis method is presented.
� 2006 Elsevier Ltd. All rights reserved.
1. Introduction

The time evolution of nuclide concentrations undergo-
ing serial or linear decay chain is governed by a set of
first-order differential equation, called Bateman equations.
For complex radioactive decay schemes or transmutations
in particle flux the equations differ from linear chain in that
a higher number of coefficients and equations appears lead-
ing to complication of the solution. The analytical solution
of Bateman equations for the case of radioactive decay in a
linear chain given early by Bateman (1910), is used then
also for a non-linear chain after breaking it down into a
set of linear chains. This is called the linear chain method.
Examples of this method application in numerical codes
are BISON (Furuta et al., 1987) and CINDER (Wilson
et al., 1998). The matrix calculus is applied in other meth-
ods, among which the most often used is ORIGEN (Croff,
1980). Generally, both methods assume that all coefficients
appearing in the equations are different, which in a real
case of transmutation or compound decay with branching
and chain loops is not always satisfied. In such cases
numerical algorithms face complication due to not satisfied
assumptions lying behind analytical solutions or a lack of
numerical convergence (Thomas and Barber, 1994).
Improvement of algorithms based on linear chain method
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can be obtained when the Bateman equation solution for
a linear chain in general case is derived and applied.

2. Bateman equations for serial decay chain

The Bateman equations for radioactive decay case of n -
nuclide series in linear chain describing nuclide concentra-
tions are as follows:

dN 1

dt
¼ �k1N 1

dN i

dt
¼ ki�1Ni�1 � kiN i ði ¼ 2; nÞ

ð1Þ

where ki is the decay constant of ith nuclide.
Assuming zero concentrations of all daughters at time

zero

N 1ð0Þ 6¼ 0 and Nið0Þ ¼ 0 when i > 1 ð2Þ

the concentration of nth nuclide after time t was given by
Bateman.

NnðtÞ ¼
N 1ð0Þ

kn

Xn

i¼1

kiai exp½�kit� ð3Þ

where

ai ¼
Yn

j¼1
j 6¼i

kj

ðkj � kiÞ
ð4Þ
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Although in most cases of radioactive decay the above
expression is sufficient, it is apparent that the coefficients
a can be calculated only if all decay constants are different.
Otherwise infinity in Eq. (4) occurs. The presence of infin-
ities does not mean in our case that concentrations are
infinite. Simply, there are infinite terms of opposite side
in the sum present in the equation, thus the sum does
not converge. Also in cases when the constants are differ-
ent but very close the digital errors in calculating Eq. (3)
can strongly bias the numerical results. Nevertheless, this
simple formulas are often used also in burnup codes.
The Bateman equations for nuclear transmutation system
are more complicated than for cases of radioactive decay,
which implies that the infinities occur, thus the above solu-
tions cannot be readily applied. Similar case occurs con-
cerning the matrix where the decay constant matrix,
which is triangular, must be replaced by the matrix of
transmutation constants, which in general can become
singular.
3. Removing infinities

There are two ways of removing infinities. The first is to
artificially shift the constants that are equal and obtain an
approximate solution. The second is to derive the solutions
of the general case that allows for equalities among the
constants. In case of transmutation system we will deal
with transmutation constants instead of the decay con-
stant. A transmutation chain is generally not linear and
path branching will have to be considered but the solution
will differ from the case without branching only by a mul-
tiplicative constant. For simplifying the consideration let us
put aside for a moment the possible branching in transmu-
tation chain.

Let us consider a case of linear chain that involves n differ-
ent direct nuclide-to-nuclide transitions described by a set of
n transmutation constants ki, (i = 1, n) but with possible rep-
etitions. Let the number of kth transition occurrences in the
chain equals mk. The shift procedure changes in the chain set
of mk equal constants: kk into set of mk constants separated
by a small number D: kk, kk + D, . . . , kk + lkD, where for
notation simplicity we use lk = mk � 1. If a numerical algo-
rithm based on Eq. (3) applies an appropriate value of D, it
will be able to produce an accurate result of the numerical
calculation (within the limits of accepted numerical errors
of order as low as 10�10). This approach was successfully
applied in the initial version of TTA code (Cetnar, 1999)
and then MCB (Cetnar et al., 1998), where a numerically sta-
ble algorithm was established.

However, in some extreme cases of very high radiation
flux resulting in complication of the transmutation chain this
approach can also face a digital limitation. For such cases
the derivation of an exact general solution is a necessity.
For simplicity we assume zero concentrations of all daugh-
ters at time zero and unit concentration of the first nuclide

N 1ð0Þ ¼ 1 and N ið0Þ ¼ 0 when i > 1 ð5Þ
Now, we will use an approximate solution in the shift pro-
cedure for disintegration rate of the last chain nuclide. In
cases when the last chain nuclide occurs more than once
in the chain this expression is a partial disintegration rate
since it does not include disintegrations taking place earlier
in the chain. For finding the general solution we will find
the limit of approximate value as D approaches zero

AðtÞ ¼ NnðtÞ
N 1ð0Þ

kn

¼
Xn

i¼1

lim
Di!0

Xli

m¼0

exp½�ðkiþmDiÞt�

�
Yli

l¼0
l 6¼m

ki þ lDi

ðl�mÞDi

0
BB@

1
CCA �Yn

j¼1
j 6¼i

Ylj

k¼0

lim
Dj!0

kjþ kDj

kjþ kDj� ki�mDi

¼
Xn

i¼1

kmi
i exp½�kit� � lim

Di!0
D�li

i

Xli

m¼0

exp½�mDit�

�
Yli

l¼0
l 6¼m

1

ðl�mÞ

0
BB@

1
CCAY

n

j¼1
j 6¼i

Ylj

k¼0

lim
Dj!0

� kjþ kDj

kj� ki þ kDj�mDi
ð6Þ

In the above equation we calculate the limit of Dj, by a di-
rect substitution, expand the exponent function which con-
tains Di into Taylor series as well as apply the relation

Yli

l¼0
l 6¼m

1

ðl� mÞ ¼
ð�1Þm

m!ðli � mÞ! ¼
ð�1Þm

li!

li

m

� �
ð7Þ

to obtain

AðtÞ ¼
Xn

i¼1

kmi
i exp½�kit�

li!
� lim

D!0
D�li

Xli

m¼0

ð�1Þm li

m

� �

�
X1
k¼0

ð�mD � tÞk

k!

Yn

j¼1
j 6¼i

kmj
j

ðkj � ki � mDÞmj
ð8Þ

Taking advantage of the following relations:

1

ða� xÞ ¼
1

a

X1
n¼0

x
a

� �n
and

X1
n¼0

xn

 !kþ1

¼
X1
n¼0

nþ k
k

� �
xn ð9Þ

the last term in Eq. (8) can be written as

kmj
j

ðkj � ki � mDÞmj
¼ kj

kj � ki

� �mj 1

1� mD
kj�ki

� �mj

¼ kj

kj � ki

� �mj X1
h¼0

hþ lj

lj

 !
mD

kj � ki

� �h

ð10Þ
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After substituting in Eq. (8) we have

AðtÞ ¼
Yn

i¼1

kmi
i

 !Xn

i¼1

exp½�kit�
li!

�
Xli

m¼0

ð�1Þm li

m

� �

� lim
D!0

1

Dli

X1
k¼0

ð�mD � tÞk

k!

�
Yn

j¼1
j6¼i

1

ðkj � kiÞmj

X1
h¼0

hþ lj

lj

� �
mD

kj � ki

� �h
" #

ð11Þ

In Eq. (11) the expression under the limit is made of prod-
ucts of n functions of mD expanded into Taylor series and
divided by Dl. With D approaching zero only the terms of
the sum products that contain Dl will not vanish. The
terms with smaller order will cancel out

AðtÞ ¼
Xn

i¼1

Yn

j¼1
j 6¼i

kj

kj � ki

� �mj

0
BB@

1
CCAkmi

i

exp �kit½ �
li!

�
Xli

m¼0

mlið�1Þm
li

m

� �

� ð�1Þli
Xli

k¼0

Xli

h1¼0

Xli

h2¼0

� � �
Xli

hn¼0

tk

k!

Yn

j¼1
j 6¼i

hj þ lj

lj

 !

� 1

ki � kj

� �hj

d li; k þ
Xn

l¼0
l 6¼i

hl

0
BB@

1
CCA ð12Þ

where the Kronecker delta was used

dði; jÞ ¼ 1 () i ¼ j

dði; jÞ ¼ 0 () i 6¼ j
ð13Þ

We can find out that

Xli

m¼0

mlið�1Þm

li!

li

m

� �
¼ ð�1Þli ð14Þ

which will be canceled with the similar term in Eq. (12)
which appeared there from the sign changes in the sum
product terms. Finally, we can write the solution in the fol-
lowing form:

AðtÞ ¼
Xn

i¼1

kiai exp½�kit� �
Xli

m¼0

ðkitÞm

m!
� Xi;li�m ð15Þ

where

ai ¼
Y
j¼1;n
j 6¼i

kj

kj � ki

� �mj

ð16Þ

and the omega terms for i 2 [1, n] and j 2 [0, li] take the
following forms:
Xi;j ¼
Xj

h1¼0

Xj

h2¼0

� � �
Xj

hn¼0

�
Yn

k¼1
k 6¼i

hk þ lk

lk

� �
ki

ki � kk

� �hk

d j;
Xn

l¼0
l 6¼i

hl

0
BB@

1
CCA ð17Þ

thus particularly

Xi;0 ¼ 1

Although the formulas in obtained solution look rather
complex they can be effectively calculated digitally. The
binomial coefficients for all required omega functions can
be calculated altogether in a single digital loop as they
are presented in a recurrent formula. For this purpose,
the binomial coefficients can be obtained recurrently from
constructed Pascal’s triangle.

4. Nuclear transmutation systems

In a transmutation system nuclides are being transmuted
also due to interaction with particle flux, mainly neutrons,
but in the presence of a spallation target also high energy
protons or pions. The decay constants that govern Bat-
eman equations for a decay case are then substituted by
transmutation constants. At this point, by the transmuta-
tion constant ki,j we understand probability of the ith
nuclide production per time unit from the jth nuclide
destruction, as a result of nuclear interaction with the
whole spectrum of interacting particles or due to the natu-
ral nuclear decay. It can be expressed as follows:

ki;j ¼ bd
i;j � k

d
j þ

X
x¼n;p;p

Z
UxðEÞrx

i;jðEÞdE ð18Þ

where kd
j is the decay constant of jth nuclide; bd

i;j is the
branching ratio of jth nuclide decay into ith nuclide; Ux

is the particle flux (x = neutrons, protons, pions +,0,�);
rx

i;j is the cross-section for production of ith nuclide by par-
ticles x during interaction with jth nuclides.

The transmutation constants appear as the coefficients
of the Bateman equations describing the general, non-lin-
ear transmutation chain for w nuclides as follows:

dNi

dt
¼
X
j¼1;w

ki;j � N j ði ¼ 1;wÞ ð19Þ

where Ni denotes the concentration of ith nuclide. The con-
stants ki,i, which are not covered in Eq. (18) are defined
using the mass flow balance as follows:

ki;i ¼ �
Xj¼w

j 6¼i

ki;j ð20Þ

and they physically represent nuclide disintegration rate.
The mass flow balance condition guarantees that the over-
all nuclide mass remains constant. Since the set of Eq. (18)
is a set of first-order linear differential equations, the



J. Cetnar / Annals of Nuclear Energy 33 (2006) 640–645 643
solution of a complex case can be obtained as a linear
superposition of the solutions in simpler cases.

5. Transmutation trajectory analysis

Usually, in the applied numerical methods the set of lin-
ear chains is prepared arbitrarily, which is sufficient for
well-defined cases. However, for more general case applica-
tion of the procedure that resolves the non-linear chain into
a set of linear chains is necessary to assure the mass flow
balance and the numerical solution stability.

For the purpose of deriving the solution for a general
case basing on the known solution for a linear decay case,
it is convenient to focus on the transmutation transition
from one nuclide to the other one after elapsing time t.
The transmutation transitions can lead through many
paths, which possibly branch, forming a non-linear chain.
Now, let us define a transmutation trajectory as a sequence
of direct nuclide to nuclide transitions, starting from the
first nuclide and ending at the last, nth nuclide. The trans-
mutation trajectory is almost equivalent to a decay chain,
but due to an occurrence of branching in the non-linear
chain the mass flow is not preserved on a single trajectory
level. It is preserved, however, all over the trajectories that
can be extracted from the non-linear chain. The Bateman
equations for transmutation trajectory will have the follow-
ing form:

dN 1

dt
¼ �k1N 1

dNi

dt
¼ biki�1Ni�1 � kiN i ði ¼ 2; nÞ

ð21Þ

where

ki ¼
Xj¼w

j 6¼i

ki;j

bi ¼
ki;iþ1

ki
ði ¼ 1; nÞ

ð22Þ

The numbering of nuclides in each trajectory (i = 1, n) is
independent from actual nuclide numbering occurring in
the whole non-linear chain (j = 1, w), first for the sake of
simplicity, but also due to the fact that a particular trajec-
tory can lead through one nuclide several times, following
the already passed direct nuclide transitions (reaction chan-
nel or decay). The solution of Eq. (21) can be obtained
from those of the decay case by simple introduction of a
branching factor. The concentration of the last trajectory
nuclide due to the trajectory transition can be written using
Eq. (15) as:

NnðtÞ ¼ Nnð0Þ
B
kn

AðtÞ ð23Þ

where the branching factor

B ¼
Y

k¼1;n�1

bk ð24Þ
The disintegration or removal rate of the last trajectory nu-
clide can be expressed as follows:

AnðtÞ ¼ Nnð0Þ � B � AðtÞ ð25Þ

It can be thought of as generalized activity. The physical
meaning of the concentration (23) and the disintegration
rate (25) concerns, respectively, only partial contributions
to actual nuclide concentration and disintegration, due to
transitions along the considered trajectory. The time inte-
gral of the removal rate (25) leads to the following
function:

IðtÞ ¼
Z t

0

AnðtÞdt ¼ N 1ð0ÞB
Xli

m¼0

Xi;li�m � fi;mðtÞ ð26Þ

where

fi;mðtÞ ¼ 1� exp½�kit� �
Xm

k¼0

ðkitÞk

k!
ð27Þ

The above stands for the sum of the concentrations of nuc-
lides formed as a result of the nth nuclide disintegration, or
of their daughters after being produced from the transition
along considered trajectory. For given time t, every trans-
mutation trajectory can be characterized by two quantities:
the trajectory transition:

T ðtÞ ¼ N nðtÞ=N 1ð0Þ ð28Þ

and the trajectory passage:

P ðtÞ ¼ IðtÞ=N 1ð0Þ ð29Þ

The transition and passage functions are important for the
mass balance of transmutations, which is an ultimate
parameter for checking correctness and convergence of
any numerical algorithm for calculation of time evolution
of concentrations in a transmutation system. They can be
used to control the numerical algorithm of breaking down
a non-linear transmutation chain into a series of transmu-
tation trajectories for which the concentration can be
calculated.
5.1. Transmutation trajectory generator

Although the number of possible transmutation trajec-
tories is infinite, the functions P(t) and T(t) allow us to
make a trajectory generator that forms the trajectories
reflecting their formation process in reality and to put them
in a series while controlling the mass balance. Let us con-
sider non-linear chain that starts from one nuclide, that is
all other nuclide densities equal zero at the beginning of
calculations. The trajectories form generations as they are
formed in the following manner. The first generation con-
sists of only one trajectory, which contains only one, initial
nuclide. Physically, it represents the survival of the initial
nuclide without decay or reaction. In this case the transi-
tion and passage are expressed as follows:
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T 1;0ðtÞ ¼ 1� exp½�kit� ð30Þ
P 1;0ðtÞ ¼ exp½�kit� ð31Þ

In the notation used for functions P and T the first index is
the trajectory number while the second one is the parent
trajectory number.

The second generation of trajectories is formed by
appending the last nuclide by one of the possible nuclides
that can be formed from the last one through a possible
reaction channel or decay path. All trajectories in the sec-
ond generation can be considered daughter trajectories of
the only trajectory in the first generation. The next trajec-
tory generations are formed in similar way by appending
an additional nuclide to a trajectory from the older gener-
ation. The generation number equals the trajectory length.
Theoretically the trajectory generator can create infinite
number of generations with growing number of trajecto-
ries, but, as one can expect, the trajectory extension process
leads to a consecutive decrease of transmutation passage.
After the complete extension of a trajectory, let us say k,
to daughter trajectories, let us say from l to m, the concen-
tration represented by the passage Pk,x(t) is distributed to
transitions and passages of its daughter trajectories:

P k;xðtÞ ¼
Xm

i¼1

ðT i;kðtÞ þ P i;kðtÞÞ ð32Þ

By the complete trajectory extension we understand gener-
ation of all daughter trajectories to a concerned parent,
which can be physically formed. To keep the mass flow
properly we can analyze mass balance after a particular
complete trajectory extension. For generated series of m

completely extended trajectories, the residual passage
Rm(t) is defined as a sum of passages for trajectories that
were not yet extended:

RmðtÞ ¼
X
i62X

P i;xðtÞ ð33Þ

where X is the set of parent trajectories indexes.
The total transmutation transition is

T mðtÞ ¼
Xm

i¼1

T i;xðtÞ ð34Þ

It follows that:

RmðtÞ þ T mðtÞ ¼ 1 ð35Þ
which is the transmutation mass flow balance equation.

After breaking down of non-linear transmutation chain
into the series of m trajectories the residual passage Rm(t)
represents the fraction of initial concentration which is
not yet assigned to any nuclide while the total transition
Tm(t) represents the sum of assigned concentrations. Obvi-
ously the residual passage decreases with the generation
number and it is greater than concentration of any nuclide
that would emerge due to further series extension, so it can
be used as a criterion for truncation of the trajectory series.
To conclude trajectory generation process one needs to
control the trajectory extension process and do not extend
trajectories that will not lead to transition contributions
above the desired level. To control quantitatively this pro-
cess the value of trajectory passage Pi,j(t) of the trajectory
considered for extension is significant. If it falls below
assumed truncation parameter, e, the extension of this par-
ticular trajectory is blocked. This way the infinite series of
trajectories is reduced to the limited series of meaningful
trajectories that can contribute to nuclide density vector
above the required threshold level. After complete trans-
mutation trajectory formation process the nuclide concen-
trations of the general non-linear chain (19), are obtained
by the summation of respective contributions:

NkðtÞ ¼ N 0ðtÞ
Xm

i¼1

T i;xðtÞ � dk;ixðmÞ ð36Þ

where ix(m) is the index of the last nuclide in mth
trajectory.

The transmutation trajectory analysis method was first
applied for TTA code dedicated to accelerator driven sys-
tems (Cetnar, 1999).

6. Fission product transmutation modeling

Derived equations concerning the case of the boundary
condition (2) can be also adapted for the case of continu-
ously supplied nuclides. In this case, the transmutation tra-
jectory starting nuclide concentration is described as
follows:

dN 1

dt
¼ �k1N 1 þ s1 ð37Þ

where s1 is the nuclide production rate. The production
rate can be represented by the decay of an artificial nuclide
N0 with respective constants of: b0 and k0, which satisfy fol-
lowing conditions:

N 0ð0Þ ¼ s1t and N ið0Þ ¼ 0 when i > 0

and

k0 ¼
1

t
� ln b0

b0 � 1
where b0 � 1

ð38Þ

Introduction of the artificial nuclide N0 allows for using
Eq. (2) with boundary condition (38) instead of Eq. (37).
The continuous supply case occurs for fission products,
which are produced with assumed constant rate from acti-
nide fission during the irradiation period. This approach
was initially applied in BISON-C (Cetnar and Gronek,
2000) for extending transmutation calculations also to fis-
sion products and then in MCB.

7. Conclusions

The general solution of Bateman equations for a linear
chain with repeated transitions is presented. Derived for-
mulas in combination with presented transmutation trajec-
tory analysis method provide us with tools for developing
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numerically stable algorithm for modeling of nuclear trans-
mutation in a general case with an assurance of mass flow
balance and generated numerical error. In the presented
method the physical conditions of transmutation system
such as neutron flux level, considered time scale or trans-
mutation constant range can be much larger than in the
case of simple formula or in the matrix approach due to
elimination of a possible appearance of infinities in the
derived solutions. The numerical algorithm currently
undergoes testing of its numerical limitations, which will
be the subject of a separate paper. In near future it will
be implemented in the new version of MCB.
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